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1 Monoidal categories

These notes are based on the book [JohnsonYau2021].

1. A monoidal category is
(
A,⊗, α, λ, ρ,1

)
, where:

• A× A
⊗−→ A is a bifunctor, called the monoidal product,

• an object 1 of A, called the monoidal unit,

• three natural isomorphisms — the left unit isomorphism 〈1⊗X λX−−→ X : X ∈ A0〉, the
right unit isomorphism 〈X ⊗ 1

ρX−−→ X : X ∈ A0〉 and the associativity isomorphism
〈(X ⊗ Y )⊗ Z

αX,Y,Z−−−−→ X ⊗ (Y ⊗ Z) : X,Y, Z ∈ A0〉,

• these are subject to:

((X ⊗ Y )⊗ Z)⊗W

αX⊗Y,Z,W

��

αX,Y,Z⊗1W // (X ⊗ (Y ⊗ Z))⊗W

αX,Y ⊗Z,W

��
(X ⊗ Y )⊗ (Z ⊗W ) αX,Y,Z⊗W

// X ⊗ (Y ⊗ (Z ⊗W )) X ⊗ ((Y ⊗ Z)⊗W )
1X⊗αY,Z,W

oo

and

(X ⊗ 1)⊗ Y
αX,I,Y //

ρX⊗1Y ((

X ⊗ (1⊗ Y )

1X⊗λYvv
X ⊗ Y

.
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